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1. INTRODUCTION
Consider the second order random boundary valued problem

X"(t,0) e F((t,0) x(t, @) ,ae.teJ[0,T] for a e teJ[OT]

we

L(x(0, @), X(T,®)) =0
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Where F:JxRxQ — 2%Za compact and convex valued random multivalued map
and L:JxR*x Q— R is a continuous single valued map.

The upper and lower solutions has been successfully applied to study the existence
of multiple solutions for boundary value problems of first order random differential
inclusion. In the books of Bernfeld-Lakshmikantham [1], Ladde-Lakshmikantham-Vatsala
[6], the thesis of De Coster [4], the papers of Carl-Heikkila-Kumpulainen [3], Cabada [2],
Frigon-O’Regan [5], authors obtained in [2] and [3] existence results for differential
inclusions with periodic boundary conditions for first and second order respectively. The
existenc results for random differential inclusions are proved in paper of
Palimkar[9,10].Biradar and Palimkar[11].In this paper, we investigate an existence result
for the problem (1.1) — (1.2). Our methodology is based on a random fixed point theorem
for condensing maps of Martelli [8].

2. AUXILIARY RESULTS

Consider AC(J,R) is the space of all absolutely continuous functions x:JxQ— R
Condition x<x if and only if X(t, @) <x(t,@)forall teJ .wcQ
Defines a partial ordering in AC(J,R). If «,8 € AC(J,R) and a < S, we denote
[, f1={xe AC(J,R):a < x< S}

W*(J,R) denotes the Banach space of functions x:JxQ-— R which are absolutely
continuous and whose derivative X' (which exists almost everywhere) is an element of
L'(J,R) with the norm  |ly|w™* =|y|. +|y’]. forall yeW"(J,R)

Let CC(x) denotes the set of all nonempty compact and convex subsets of X.

Definition 2.1. A random multivalued map F :J xR xQ — 27 is said to be an L*-random
carathéodory if

(i) (t,w) > F((t,),x) is random measurable foreach ye R ,w € Q

(i) x > F((t,w), x) is upper semi continuous for almostall te J ,w e Q
(iii) For each k >0, there exists h, '(J,Q, R,) such that
|IF((t, @), ¥)| =sup{v|:v e F((t, ®), x)}<h(t,w) for all |x|<k and for almost all

ted ,0weQ.
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Definition 2.2. A function x e AC(J,R,Q) s said to be a solution of (1.1) — (1.2) if there
existsa function vel'(J,R,Q) such that v(t,w)eF(t,x(t,0),®w) ae. on
J,x'(t,w) =v(t,w)a.e.onJand L(x(0,®),x(t,®))=0.
Definition 2.3. A function « € AC(J,R) is said to be a lower solution of (1.1) — (1.2) if
there exists v, el'(J,R,Q) such that v (t,®)eF(t 0)a(t,0),0) ae on ],
J,a'(t,w) <V, (t,w)a.e.onJand L(x(0,w),a(T,w)) <0

Similarly, a function g e AC(J,R) is said to be an upper solution of (1.1) — (1.2) if
there exists v,el’(J,R,QQ) such that v,(t,w)eF({t o) At w),w)ae. on
J,f'(t,w) 2V, (t,) a.e. onJand L(B(0,w), B(T,w)) >0

For the random multivalued map F and for each x e C(J,R, Q) . we define S;, by

St =fvel)(J,R,Q):v(t,0) e F((t, ), x(t, w)) forae. teJ ,0cQ}

We quote the following lemmas useful for proving the the main result as
Lemma 2.1.Let | be a compact real interval and X be a Banach space. Let

F:lxX —CC(X);((t,),x) > F((t,w),x) random measurable with respect to t for any

X e X and u.s.c. with respect to y for almost each te| and S,l:’X #¢ forany yeC(l, X)

and let T' be a linear continuous mapping from L'(1, X),to C(l, X) then the operator
L'oS; :C(l,X) = CC(C(I, X)), x > (CoSE)(X) =IT'(S;,)

is a closed graph operator in C(l, X)xC(l, X) .

Lemma 2.2. Let G: X — CC(X) be an u.s.c. condensing map. If the set

M ={ve X :AveG(v) for some i >1}

is bounded, then G has a fixed point.
3. MAIN RESULT

Theorem 3.1.Suppose F:JxRxQ—CC(R) is an L'-Random carathéodory multi-
valued map. Suppose the following conditions
(A) .There exist « and B in W*'(J,R,Q) lower and upper solutions respectively for
the
problem(1.1) — (1.2) such that e < 8,

(A,) Lisacontinuous single-valued map in (x,y) € [«(0, w), B(0, »)]1x[a(T, ®), B(T, w)]
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and non increasing iny € [a(T,w), S(T,w)], are satisfied. Then the problem (1.1) —
(1.2) has at least one solution y eW**(J,R,Q) such that
a(t,w) <x(t,w)< pt,w) forall ted ,weQ.

Proof: Transform the problem into a random fixed point problem. Consider the following
modified problem

X"t,w)+yt,ow)eRt oyt o)tel 0 (3.1
x(0, w) = ((0, ®), X(0, ) — L(X (0, @), X(T , »))) (3.2)
Where
F((t, @), x) = F((t, @), 7((t, ), X)) + 7((t, ®), X),
7((t, ®), X) = max{a(t, ®), min{x, A(t,®)}} , and
X(t, ) = 7((t, ), X(t, ®)) .
Clearly a solution to (3.1) — (3.2) is a random fixed point of the operator
N:C(J,R,Q) — 2°UR defined by
N(x(w)) = {h eC(J,R, Q):h(t,w) = x(0,w) + I; [V(s, ) + X(S, ®) — X(S, ®)]ds,V e Sq.:,x(w)}
where
SL.(@)={ve Sk, (@) v(t,0) 2, (t.@) ae. on H, and v(tw) <v,(t,0) ae.on H, },
S:‘:’;((a) :{VG L1(J,R,Q):v(t, w) € F((t, ®), X(t, w)) fora.e. ,weQ te J},
H, ={teJ:x(tw) <alt,®) < Bt.w)}, H,={te ] 1a(t,w) < B(t, 0) < X(t, )}

We shall show that N (w) is a completely continuous random multi-valued map, u.s.c. with

convex closed values. The proof will be given in several steps.

Step 1: N(x(w)) is convex for eachx e C(J,R,Q).

Indeed, if h,h belong to N (x()) , then there existv e S%i&(a)) andV e S?i’;(a)) such that

h(t, ) =x(0,0) + [ [ V(s,@) +X(5,0) ~x(s,) | ds, ted ,we0
and
h(t, )= x(o,w)+j;[\7(s,a>)+i(s,w)—x(s,w)]ds, tel ,weQ

Let 0<k <1.Then foreach teJ ,weQ we have

[kh+ (1—K)h](t, ®) = X(0, @) + j;[kv(s, ®) + (L= K)V(S, @) + X(S) — X(s, @)]ds.
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Since Si&(w) is convex then
kh+(1-k)h € G(x).
Step 2: N (w) sends bounded sets into bounded sets inC(J,R,Q).
Let B ={XEC(J,R,Q)Z”X”OO < r}, (L =sup{|x(t,a))| ‘te J}be a bounded set in
C(J,R,Q) and x € B,, then for each
t —
Ih(t, )| <[x(0,@)|+ [, [|v(s,a))|+‘x(s,a))‘—|x(s,a))|]ds,

B, ={X€C(J,R,Q)I”X”w < r}
h e N(x)(@)

< J-uuz |4, (s, )| ds + (u, —u,) max(r,sup|e(t, )|, sup | B(t, w)|) + r (U, —u,).

there existsv e Si'; (@) such that

h(t, ) = x(0,0) + [ [ V(5,0) +X(5,0) ~ X(s,) ] ds, te J.,w e O
Thus foreach teJ ,0eQ we get
In(t, )| <|x(0, co)|+L:[|v(s,a))|+‘>_<(s,a))‘—|X(S,a))|}dS,
<max(a(0, ), B0, ®)) +|¢, || +T max(r,stgpla(t, w)l,stgjplﬂ(t, o)) +T,
Step 3: N sends bounded sets in C(J,R,Q) into equi-continuous sets.
Let u,u,eJ,u, <u,,B, :={yeC(J,R,Q):||y||m < r}be a bounded set in C(J,R,Q) and
y € B, . For each h e N(x)(w) there exists v € S%i,;(a)) such that

h(t, @) = (0, ») + j; [V(s, ®) + X(5, @) — X (5, @)]ds, t e J ., 0 € O

We then have

Ih(u) -hw) <[]

v(s,w)+>‘<(s,w)\+|x(s,a))|}ds

< [ (5, 9]d5-+ (U, ~uy) max(r suplact, ) SUp At )+ T~

As a consequence of Step 2, Step 3 together with the Ascoli-Arzela theorem we can
conclude thatN:C(J,R,Q)—2°C** s a compact random multivalued map, and

therefore, a condensing map.
Step 4: N has a closed graph.
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Letx, = X,,h, e N(x,)(w)and h, —h,. We shall prove thath, e N(x,)( ®) .,

h, € N(x,)( @) means that there exists v, € S:’;n( ®) such that

h (t, @) = x(o,m)+j;[vn(s,w)+§n(s,w)—xn(s,a>)]ds, tel ,weQ
We must prove that there exists v, € S%FY;O( ®) such that

hy (t, ) = x(o,w)+j;[vo(s,w) +Xo(S, @) — X, (5, @)]ds, te J ,weQ
Consider the random linear continuous operator
h, (t, @) = (0, ®) +J.;[v0 (s,w) +)_(o(S, ®) — X, (S, w)]ds, defined by

(TV)(t, ) = Ev(s, w)ds.

We have

—0

o0

H(h ~X(0,0)~ [ [Xa(5.0) ~, (s, a))]ds)—(ho ~X(0,0)~ [ [Xo(s,@) - xO(s,a))]ds)

From Lemma 2.1, it follows that FoSu,i is a closed graph operator.

Also from the definition of I" we have that

d

(hn (t,0)~ X(0.0) - [ %, (5,0) ~ (5. co)]ds) e (L, ().

Since x, — X, it follows from Lemma 2.1 that
h, (t, ®) = x(0, ®) + j; [V, (s, @) + Xo(S, @) — X, (S, @)]ds, teJ for some v, € Sﬁm
Next we shall show that N (@) has a random fixed point, by proving that
Step 5: The set
M={veC(J,R,Q):Ave N(v)( w) forsome A >1}
is bounded.
Let xe M then Ax e N(x)( @) for some A >1. Thus there exists v e Sﬁ,‘:&( ®) such that
X(t,) = 27X(0,0) + A [} [ V(s, ) + X(s,0) - X(5,0) |ds, te ] 0 e @
Thus
IX(t, )| < |X(0, )| + mv(s, 0)+X(s,0)-X(s5,0)|ds, te J e Q.
From the definition of z there exists¢ € L' (J,R",Q) such that

|F(t. @), x(t. )| =sup{jv]:v e F((t. @), X(t, @)) | < §(t, ) for each xeC(I,R,Q) ,0e Q.
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|X(t, )| < max(ax(0, ), B0, ) +||] . + T max(s;ujp|a(t, )| ,s;qu|,B(t, o)) +.f;|x(s, w)|ds.
Set z, = max(a(0, w), £(0, ®)) +||4] . +T max(stuJ[J|a(t, a))|,Stqu|ﬁ(t, w)|)
Using the Gronwall Lemma ,we get foreach teJ ,0 e Q
t t—s
|x(t, )| < 2, + zofoe ds

<z,+2,(e"-1)
Thus,
X[, <z, +2,(e" -2)
This shows that M is bounded.
Hence, Lemma 2.2 applies and N ( ») has a fixed point which is a solution to problem
(3.1) -
(3.2).
Step 6: We shall show that the solution x of (3.1)-(3.2) satisfies
ot o) <x(to)<fto)tel 0l

Let y be a solution to (3.1) — (3.2). We prove that

ato)<xto) tel ,weQ
Suppose not. Then there exist t,,t, € J,t, <t, such that a(t,, ®) = y(t,,®) and

a(t,w) > x(t,w) forall t e (t,t,).
In view of the definition of z one has

X'(t, w) + X(t, ) € F((t, ), a(t, w)) + a(t, w) a.e. on (t,t,).
Thus there exists v(t,w) e F((t,®), a(t,®)) a.e. on J with v(t,®)>Vv,(t,®) a.e. on (t,t,)
such that
X'(t, w) + x(t,w) = v(t,w) + a(t,®) a.e.on (4,t,).

An integration on (t;,t], with t e (t,t,) yields
X(t, ) — X(t,, @) = j: [V(s, ) + (c — X)(s, ) |ds
> fv(s,a))ds.

Since « is a lower solution to (1.1) — (1.2), then

alt, o) —a(t, ) gjttvl(s,w)ds, te(t,t,) 0.
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It follows from the facts y(t, w) = a(t,, w),v(t, ®) > v, (t, ®) that
a(t,w) < x(t,w) forall te(t,t,) , 0eQ .

which is a contradiction, since x(t,®) < a(t, ) forall t € (t,t,). Consequently

at,w)<x(t,w) forall ted.,0eQ
Clearly,we can prove that

X(t,w) < pt,w) forall ted.,weQ

This shows that the problem (3.1) — (3.2) has a solution in the interval [«, £].
Finally, we prove that every solution of (3.1) — (3.2) is also a solution to (1.1) — (1.2). We
only need to show that
a(0, @) < x(0, w) — L(X(0, w), X(T, @)) < (0, ) .
Notice first that we can prove that
a(T,0) < xX(T,0) < BT, o).

Suppose now that x(0, w) — L(x(0, @), X(T, ®)) < &(0, w). Then x(0, ) = a(0, w) and

X(0, ®) — L(a(0, ), X(T, @)) < (0, @) .
Since L is non increasing in y, we have
a(0,0) < a(0,w) - L(a(0, »),a(T, ®)) < a(0, ) — L(a(0, »), Y(T, @)) < a(0, ®)
which is a contradiction.
Analogously we can prove that
X(0,w) — L(z(0, ), 7(T, w)) < (0, w)
Then x(t,®) is a random solution to (1.1) — (1.2).
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